We propose a method to excite and detect the mechanical modes of dielectric microspheres. The mechanical modes are excited by simultaneously imposing static and harmonic magnetic fields on the spheres. They are monitored by simultaneously exciting and tracking the whispering gallery optical modes of the spheres. An analysis is carried out to investigate the relationship between the applied magnetic field and the corresponding whispering gallery mode shifts. Experiments were carried out to demonstrate the proposed magnetic field-induced excitation and optical detection method.
I. INTRODUCTION
Dielectric microcavities such as spheres, disks, and cylinders have attracted attention due to the high optical quality factors they can exhibit. Several applications have been proposed in microlasers 1, 2 and optical communication [3] [4] [5] [6] exploiting the whispering gallery modes ͑WGMs͒ of microcavities. A number of WGM-based measurement techniques have also been proposed for biological applications 7, 8 and mechanical sensing including temperature, 9 force, 10, 11 pressure, 12 acceleration, 13 and wall shear stress. 14 Recently, electric field tuning of WGMs of polymeric spheres was demonstrated. 15 In this paper, we propose a method to excite and detect the mechanical modes of dielectric microspheres using external magnetic field. The mechanical modes are observed by monitoring the WGM shifts of the spheres. The proposed method may be used for the detection of small magnetic fields. A thin shell of conductive material is embedded inside the dielectric sphere close to its surface, as shown in Fig. 1 . A harmonic magnetic field generates a current in the conductive shell. When the sphere is subjected to an additional static magnetic field, a harmonic Lorentz force is generated near the surface of the sphere. By tuning the frequency of the harmonic magnetic field, the mechanical modes of the sphere can be exited. If the optical modes ͑WGMs͒ of the sphere are also exited they can be used to detect and characterize the mechanical modes.
II. ANALYSIS

A. Eddy current on a spherical shell
The electric field, E ៝ , produced by a time varying magnetic induction B ជ in a conductor can be expressed by Faraday's Law of induction as follows:
This equation can be written in terms of a vector potential A ៝ as E ៝ =−dA ៝ / dt. According to Ohm's law, the electric field will induce an electrical current in the conductor. If is the resistivity of the conductor and i d is the induced current density, the above equation can be written as
Once the potential A ៝ is known, the eddy current flowing in the conductor can be calculated from the above equation. For a harmonic magnetic induction field with angular frequency,
, the potential A ៝ on the surface of a spherical shell can be written in the following form:
Here P n 1 is the associated Legendre polynomial with = cos͑͒. The magnitude of the eddy current in the azimuthal ͑͒ direction is given by
where 0 is the magnetic permeability and s is the area resistivity, / d, with d as the shell thickness and tan n = ͑2n +1͒s / 0 a. If the field B ជ is along the z direction ͑as indi- Fig. 1͒ and spatially uniform, then Eq. ͑3͒ reduces to the following form:
Using Eqs. ͑5͒ and ͑3͒ with 1 = , Eq. ͑4͒ can be rewritten as follows:
B. Magnetic field-induced force on a spherical shell
The shell described above will experience a harmonic Lorentz force at frequency 2. If the sphere is exposed to an additional static magnetic field, B s , in the z direction, an additional Lorentz force oscillating at frequency will also be generated. This Lorentz force f ជ per unit of area is given by
Plugging Eq. ͑6͒ into Eq. ͑7͒, we obtain the following expression:
C. Magnetic field-induced deformation in a dielectric sphere
Now we consider a dielectric sphere of radius a that is coated with a very thin conductive layer of thickness d forming the shell described in Sec. II B. The steady state harmonic deformation of a linear viscoelastic material is governed by the Navier equation. Neglecting the body force due to gravity, it can be expressed as follows:
Here u ជ is the vector displacement of a point in the sphere, is the density, and and are the Lame constants defined as =2G / 1−2, and = G. The shear modulus G and Poisson ratio are both assumed time independent. The shear modulus is express in terms of its real and imaginary parts; G = GЈ + iGЉ. The solution of Eq. ͑9͒ for this particular case has the same form as the solution of a linear elastic solid, except that in the present the Lame constants have both real and imaginary part. 17 The vector displacement can be represented as the sum of the gradient of a scalar function ⌫ and the curl of a vector function e ជ ͑Ref. 18͒
͑10͒
Here e ជ is the unit vector in the azimuthal direction. Using the above representation, the dynamic equation of motion can be reduced into the following two wave equations:
Here C ␣ = ͱ / ͑ +2͒ and C ␤ = ͱ / are the inverse of the compression and shear wave velocities. The solution of Eq. ͑11͒ is:
where j n is the spherical Bessel function, P n ͑͒ is the Legendre polynomial, ␣ = C ␣ , ␤ = C ␤ , and X n , Z n are constants. Using Eqs. ͑12͒ and ͑10͒, the radial displacement and the corresponding component of stress can be written in the following form:
͑15͒
Here, rr is the normal component of the stress in the r-direction and r is the shear component of stress in the polar direction. Constants X n and Z n are calculated by satisfying the boundary condition as follows: at the sphere surface, the components of stress are equal to the Lorentz force components given in Eq. ͑8͒. In order to determine X and Z, Eq. ͑8͒ has to be written in terms of a Legendre series in the form
Equating Eqs. ͑16͒ and ͑14͒, the constants X and Z are determined as follow:
6͑ 4 5 − 3 6 ͒ ,
with K =3B s B cos͑͒ / 2 0 .
D. Magnetic field-induced WGM shift
If the outer surface of the conductive shell is coated with a thin layer of the same material as the sphere ͑Fig. 1͒, laser light from an optical fiber can be tangentially coupled into this outer layer exciting the WGM optical modes. In this coupling, light travels in the = / 2 plane. For a ӷ, the approximate condition for resonance is 2na = l, where is the vacuum wavelength of laser, n is the sphere refractive index, and l is an integer representing the circumferential mode number. Any perturbation in the size or the refractive index of the microsphere will lead to a shift in the resonance wavelength as
Variations in the imposed static magnetic field will perturb both the sphere radius and the refractive index ͑due to birefringence͒ leading to a WGM shift, as indicated in Eq. ͑18͒. However, our previous work showed that dn / n is negligible compared to da / a. 11 Thus, the WGM shift due to the magnetic field-induced Lorentz force can be determined by inserting Eq. ͑13͒ into Eq. ͑18͒ with da = u r ͑a͒ Figure 2 shows the dependence of WGM shift amplitude on the harmonic magnetic field frequency, f = / 2, for a 60:1 base-to-curing agent ratio polydimethylsiloxane ͑PDMS͒ sphere of radius of 600 m. For this case, the conductive shell is taken to be 10 m thick copper ͑with area resistivity of 1.7ϫ 10 −3 ⍀͒. Field amplitudes B and B s are taken to be 7 ϫ 10 −3 T and 8 ϫ 10 −3 T, respectively. Shear modulus of G = 1 kPa and density of = 1000 Kg/ m 3 are used for the calculations. The loss tangent, GЉ / GЈ, which describes the viscoelastic energy loss is not available in the literature for large base-to-mixing ratios of PDMS. Thus, the figure shows the WGM shift for estimated values of GЉ / GЈ = 0.1, 0.05, and 0.02. In the frequency range considered, four WGM shift peaks appear, corresponding to four mechanical modes of the sphere. As expected, larger loss tangent values lead to smaller mechanical quality factors. Figure 3 shows the effect of static field, magnitude, B s , on WGM shift for the first mechanical mode of Fig. 2 ͑f Ϸ 0.70 kHz͒. All the other parameters in this figure are the same as those of Fig. 2 .
͑19͒
III. EXPERIMENTS
Experiments were carried out using a solid PDMS microsphere with base-to-curing agent ratio of 60:1. The radius of the microsphere was ϳ600 m and it was manufactured using the same procedure described in Ref. 12 . The sphere surface was first painted with thin coat ͑ϳ5 m͒ of silver paint, and then again coated with a thin layer of the same PDMS polymer. The optical setup is similar to those reported in Refs. 11 and 12. Briefly, the output of a distributed feedback ͑DFB͒ laser diode ͑with a nominal wavelength of ϳ1312 nm͒ is coupled into a single mode optical fiber. A section of the fiber is heated and stretched to facilitate optical coupling between the outermost layer of the sphere and the optical fiber. The DFB laser is current-tuned using a laser controller. The laser diode temperature is kept constant through a servocontroller. As shown in Fig. 4 , the PDMS sphere is placed in between a solenoid that is driven by a function generator ͑generating field amplitude of B Ϸ 7 ϫ 10 −3 T͒, and a permanent magnet ͑B s Ϸ 8 ϫ 10 −3 T͒. As the frequency of the function generator is swept, the amplitude of the WGM shift is recorded and analyzed on a personal computer. Figure 5 shows the dependence of the WGM shift on harmonic inductive field frequency, f = / 2. At f Ϸ 0.78 kHz, a peak in the WGM shift magnitude is observed which corresponds to the first mechanical mode of the sphere. This value is close to f Ϸ 0.70 kHz, obtained for the first mechanical mode in the analysis shown in Fig. 2 . 
IV. DISCUSSION
The proposed method of exciting and detecting mechanical modes of dielectric microspheres using external magnetic field may be applied for sensing and microactuation. For example, if the harmonic magnetic field frequency is tuned to a mechanical mode of the sphere, the system described above can be used to measure the strength of static field, B s . Figure 3 indicates a measurement sensitivity of d / dB s Ϸ 50 pm/ T for the smallest loss tangent case. Assuming that the smallest measurable WGM shift is d = / Q, ͑where, Q is the optical quality factor of the fiber-sphere optical system͒, for a typical value of Q = 10 7 a measurement resolution of 2 nT may be achieved. The sensitivity of the system can be further improved by optimizing the sphere material and using hollow spheres. 
